The possibility of realizing non-Abelian statistics and utilizing it for topological quantum computation (TQC) has generated widespread interest. However, the non-Abelian statistics that can be realized in most accessible proposals is not powerful enough for universal TQC. In this paper, we consider a simple bilayer fractional quantum Hall (FQH) system with the 1/3 Laughlin state in each layer, in the presence of interlayer tunneling. We show that interlayer tunneling can drive a continuous phase transition to an exotic non-Abelian state that contains the famous 'Fibonacci' anyon, whose non-Abelian statistics is powerful enough for universal TQC. Our analysis rests on startling agreements from a variety of distinct methods, including thin torus limits, effective field theories, and coupled wire constructions. The charge gap remains open at the transitions while the neutral gap closes. This raises the question of whether these exotic phases may have already been realized at ν = 2/3 in bilayers, as past experiments may not have definitively ruled them out.
Introduction-There is currently intense interest in the realization of exotic quantum phases of matter that host quasiparticles with non-Abelian statistics [1, 2] , in part because of the possibility of topological quantum computation (TQC). While there are many promising candidate platforms for realizing non-Abelian statistics, almost all of them have the drawback that they are not powerful enough to realize universal TQC.
Recently, it has been proposed that a wide class of non-Abelian defects can be synthesized by starting with simple double-layer or single-layer fractional quantum Hall (FQH) states and properly including certain spatially non-uniform patterns of interlayer tunneling [3] [4] [5] or superconductivity [6] [7] [8] [9] . Subsequently, it was shown that by coupling these engineered non-Abelian defects in an appropriate manner, it is possible to realize exotic non-Abelian phases that are powerful enough for universal TQC [10, 11] [12]. However, engineering the interactions of these defects in a physically realistic setup is a major challenge. Nevertheless, these studies suggest the possibility that these exotic, computationally universal non-Abelian phases might be realized in a simpler fashion, by starting with either (1) conventional double layer FQH states (such as the (330) state, which contains independent 1/3 Laughlin states in each layer) and increasing the interlayer tunneling uniformly in space, or (2) conventional single layer FQH states, and uniformly increasing the coupling to a superconductor.
In this paper, we present two basic advances, mainly in the double layer context with interlayer tunneling. First, we show that the appearance of these computationally universal non-Abelian states can be understood in the thin torus limit, where the interlayer tunneling is taken to be uniform in space. In this limit we systematically derive the properties of the quasiparticles for large interlayer tunneling. These include the so-called 'Fibonacci' quasiparticle, whose non-Abelian braiding statistics allow for universal TQC. Second, we find the possibility of a continuous quantum phase transition between the conventional bilayer FQH states and these exotic non-Abelian ones, as the interlayer tunneling is increased. We show that this theory is described by a SU (3) 1 × SU (3) 1 → SU (3) 2 Chern-Simons-Higgs transition, and also provides a many-body wave function for the non-Abelian state. The startling agreement between these distinct approaches, and with the earlier constructions [10, 11, 13] , provides evidence that this non-Abelian state can be stabilized with uniform tunneling.
Several years ago [14, 15] , it was argued that the (330) state, in the presence of interlayer tunneling, could continuously transition to a different non-Abelian FQH state, known as the Z 4 Read-Rezayi FQH state [16] , whose non-abelian braiding statistics alone is not powerful enough for universal TQC [17] . Combining the earlier results with those of the present paper leads to a rich global phase diagram at total filling fraction ν = 2/3 in bilayer systems, which we explore (see Fig. 1 ).
Thin torus limit-For a wide variety of FQH states, it was found [18] [19] [20] [21] [22] that the wave function in the thin torus limit (L x /L y 1) is smoothly connected to the fully two-dimensional wave function (L x /L y ∼ 1), where L x and L y are the lengths of the torus in the two directions. This thin torus limit, which we review below, allows for a simple understanding of fractionalization in the FQH state in terms of one-dimensional fractionalization [23] .
In the L x /L y → 0 limit and at filling fraction 1/n, the dominant contribution to the pseudo-potential Hamiltonian for the Laughlin state is
(1) i indexes the lowest Landau level orbitals, extended in the x direction and localized in the y direction, g r,s = r 2 − s 2 when n is odd and g r,s = 1 otherwise. Since H n involves only commuting number operators (n i 's), it can be immediately diagonalized. At 1/3 filling, the following charge-density-wave patterns of electrons in the occupation basis minimize H 3 : |g 1 = |100100100 · · · , |g 2 = |010010010 · · · , |g 3 = |001001001 · · · . In the two-dimensional limit, these three ground states evolve into the three topologically degenerate ground states of the 1/3 Laughlin state on a torus [24] .
The fractional quasiparticles can be understood as domain walls between these different patterns. In general, the domain wall between the ground states |g i and |g (i+k)%n corresponds to a quasiparticle with electric charge q = ke/n. Now let us consider a double layer system, consisting of two identical layers, in the presence of interlayer tunneling. In the thin torus limit,
where α, β =↑ (↓) refers to the top (bottom) layer,
r,0 parametrize the intra-and inter-layer interactions, respectively. H tt is invariant under the Z 2 layer exchange symmetry c i↑ ↔ c i↓ . In the two-dimensional system, as long as interlayer tunneling t ⊥ is much smaller than the bulk gap in each layer, no phase transition is expected. As interlayer tunneling is increased, at some point the bulk gap can close and reopen in a different topological phase. In order to understand the resulting phase in a tractable limit, we will study the effect of interlayer tunneling in (2) .
For simplicity, let us first consider only vertical tunneling, t ⊥ r = 0 for r = 0, and ignore the interlayer interactions, U ↑↓ r,0 = U ↓↑ r0 = 0. When t ⊥ = 0, H tt has 9 exactly degenerate ground states, with the degeneracy protected by the independent translation symmetries in each layer, and the layer exchange symmetry. When t ⊥ 0 = 0, the independent translation symmetries in each layer reduce to a single combined translation symmetry. The 3 Z 2 layer symmetric states, which we can label as |D 1 ≡ 100 100 ,
, then acquire an energy splitting relative to the remaining 6 Z 2 layer symmetrybreaking ground states. As t ⊥ 0 is increased further, we find that the energy gap closes, and the 1D system passes through an Ising phase transition [25] . On the other side of the transition, there are 3 exactly degenerate ground states that are fully symmetric under the Z 2 layer exchange symmetry. Deep in this Z 2 symmetric phase, we can represent these states by a product over the state in each 3-site unit cell: |O 1 ≡ 
where the other states are related by translations:
Here, α j , j = 1, .., 4 are variational parameters, chosen to minimize the ground state energy. Therefore, for large enough interlayer tunneling, the 9 states that we started with split into 3 degenerate Z 2 symmetric states {|O i }, with energy E S , 3 degenerate states {|D i } with energy E D , and 3 remaining degenerate Z 2 anti-symmetric states, with energy E A . Now, we can consider two distinct possibilities as we take the twodimensional limit: either the 6 states {|O i , D i } continuously evolve into 6 topologically degenerate ground states with a gap to other excited states, or only 3 of the states (e.g. {|O i }), evolve into 3 topologically degenerate ground states. Based on previous studies of the thin torus limit of FQH states [18] [19] [20] [21] , we expect that the former case will likely occur when E S ≈ E D E A , while the latter case will occur in the regime E S E D , E A . Depending on parameters, H tt can access either regime; for example, off-diagonal tunneling terms, t ⊥ r for r = 0, can favor the former case over the latter.
In what follows, we focus on the possibility where all six states, {|O i , |D i }, evolve into six topologically degenerate ground states in the 2D limit. The feasibility of this depends on microscopic details of the 2D system. This appears to be a reasonable assumption because the results are in remarkable agreement with the effective field theory considerations presented below, and the earlier approach in [10, 11] . Additionally, the same assumption, when applied to the case of the (331) Halperin state, or the bosonic (220) state, yields results which agree with previous work [25] [22, [26] [27] [28] [29] [30] .
It is natural to relabel the 6 ground states as follows: [200] , respectively. More generally, let us consider n qh quasi-holes with q = e/3 at positions j 1 , j 2 , · · · , j n qh [31] . To do so, we start with a fixed ground-state pattern, say [200] . At site j 1 , there is a domain wall with [110], at site j 2 there can be either [020] or [101] patterns, and so on. We see that the number of possibilities grows exponentially with n qh . It is straightforward to verify that tr (A n qh ) gives the total number of different possibilities on the torus. Therefore, the degeneracy of the ground-state in the presence of n qh quasihole insertions grows as λ
where λ 1 is the dominant eigenvalue of the adjacency matrix A. Consequently, the quantum dimension of the quasihole operator with minimum electric charge is λ 1 . Using the above adjacency matrix, the quantum dimension of the charge e/3 quasihole is the golden ratio:
2 . Since there are six degenerate ground states on the torus, there are correspondingly six topologically distinct types of quasiparticles. These include the e/3 quasiparticle described above and it's charge −e/3 particle-hole conjugate. There are also charge 2e/3 and 4e/3 quasiparticles, which involve inserting charge e/3 or 2e/3 Laughlin quasiparticles into both layers simultaneously. We will label them as V n , with charge q = 2ne/3. These are inherited directly from the (330) state, with their topological properties unchanged. Finally, there is a neutral quasiparticle, which we label τ . τ can be understood as inserting an e/3 quasiparticle in the top layer and a −e/3 quasiparticle in the bottom layer, superposed with reverse process, −e/3 and e/3 in the top and bottom layers, respectively. By studying the adjacency matrix, we find that the quantum dimension of τ is also d τ = F .
The adjacency matrices A i , for i = 1, .., 6, encode the fusion rules of the quasiparticles: i × j = k (A i ) jk k, which dictates the number of ways quasiparticles i and j can fuse into k [31] . We find that the quasiparticles V a are simple Abelian quasiparticles, with quantum dimension 1: V a × V b = V a+b%3 . Furthermore, τ × τ = 1 + τ ; this is the fusion rule of the famous "Fibonacci" quasiparticle, whose braiding statistics allows for universal topological quantum computation [1] . The remaining two quasiparticles are identified with V a τ , for a = 1, 2.
In addition to the fusion rules, we can obtain a remarkable information about the topological spins of the Label Charge (mod e) Topological Spin Quantum Dim. quasiparticles. Since the theory has a subset of quasiparticles, {1, τ }, with a closed fusion subalgebra τ ×τ = 1+τ , mathematical consistency [32] requires that the topological spin of τ be θ τ = ±2/5. Furthermore, the quasiparticles V a are just the simple Abelian quasiparticles that were present in the (330) state. Since the phase transition occurs entirely within the neutral sector, the topological spins of these charged quasiparticles should remain unchanged and are given by their value in the (330) state. Therefore, θ Va = a 2 /3. These results are summarized in Table I .
More abstractly, we find that the fusion rules obtained from the thin torus limit coincide with the representation algebra of the quantum group SU (3) 2 . Generalizing the above arguments to the (nn0) states gives n(n + 1)/2 quasiparticles, whose fusion rules coincide with the representation algebra of the quantum group SU (n) 2 . Remarkably, the thin torus patterns [200] [101] , and the connection to SU (n) 2 , have appeared previously in a completely different context [33] , in terms of the gapless, single-layer bosonic Gaffnian wave function. See also [34, 35] for other distinct realizations of SU (3) 2 fusion rules.
The above results can be understood from the perspective of the edge conformal field theory. Consider two free chiral bosons, ϕ 1 and ϕ 2 , such that e inϕ1 , e inϕ2 are considered to be local electron operators. In the (nn0) state, V a,b ≡ e iaϕ1+bϕ2 , for a, b = 0, ..., n − 1 correspond to the n 2 non-trivial quasiparticle operators. If we consider the n(n + 1)/2 symmetrized operators Φ n,m = V n,m + V m,n , and continue to treat the operators e inϕ1 , e inϕ2 as trivial, local operators, then we find the remarkable result that Φ n,m satisfy the fusion rules of SU (n) 2 : Φ n,m × Φ n m = Φ n+n ,m+m + Φ n+m ,n+n .
Effective field theory-Here, we show that there is a continuous quantum phase transition between this nonAbelian FQH state and the (330) state. We show that from the point of view of the effective field theory of the (330) state, the appearance of the state we have found is quite natural in the presence of interlayer tunneling.
One way of understanding the effective field theory of the (330) state is through a parton construction [36] , where we write the electron operator as c σ = f 1σ f 2σ f 3σ , where σ =↑, ↓ is the layer index, and f iσ are charge e/3 fermionic 'partons.' This rewriting of the electron operator introduces an SU (3) × SU (3) gauge symmetry, associated with the transformations f σ → W σ f σ , for W σ ∈ SU (3), which keep all physical operators invariant. The theory in terms of electron operators can therefore be replaced by a theory in terms of the partons f aσ , coupled to an SU (3) gauge field, A σ . In the presence of a magnetic field B, the partons feel an effective magnetic field B ef f = B/3. When the electrons are at filling 1/3, the partons are then poised to form a ν = 1 integer quantum Hall state at mean-field level. Integrating out the partons then gives an
j σ is the current of quasiparticles, which, after integrating out the partons, appear in this theory as classical 'test' charges. They correspond to the fermionic particles/holes in the parton Landau levels, and acquire fractional statistics after being dressed by the CS gauge field.
Next, let us consider the effect of interlayer tunneling,
, on the mean-field state of the partons. For t ⊥ large enough, this induces a non-zero expectation value: f † ↑ f ↓ = 0, which breaks the gauge symmetry SU (3) × SU (3) → SU (3), leaving a single gauge field A ≡ A ↑ = A ↓ at long wavelengths. Now, integrating out the partons leads to a SU (3) 2 CS gauge field:
The edge CFT of the parton mean field states is described by a U (6) 1 chiral Wess-Zumino-Witten CFT. Implementing the projection onto the physical degrees of freedom yields a U (6) 1 /SU (3) 2 coset theory, with central charge c = 14/5. We can systematically obtain the topological properties of the quasiparticles in this theory [25] . Remarkably, the result coincides with the SU (3) 2 fusion rules obtained from the thin torus limit above, and the topological spins match those of Table I exactly, with the choice θ τ = 2/5. We conclude that there exists a continous phase transition between these two phases, associated with the Chern-Simons-Higgs transition
Higgs transitions, all of which match results obtained from symmetrizing the thin torus patterns. The case n = 2 is related to a recent study [37] ; it is closely related to, but distinct from, the theory of [28, 38] , since the edge theory of the non-Abelian state in this case is
The above parton construction also suggests projected many-body wave functions that capture the universal features of this state. In the continuum lowest Landau level, a natural ansatz is P LLL (Φ ν=2 ) 3 , where Φ ν=2 is a wave function for 2 filled Landau levels, and P LLL is a projection onto the lowest Landau level. On a lattice, The effective theory predicts a fourth non-Abelian phase, described by a SU (3)2 × Z2 CS gauge theory. m1, m2 are phenomenological parameters in the effective field theory and drive the two types of Higgs transitions. They have a non-trivial dependence on interlayer tunneling and inter/intra layer interactions, which requires further study. The minimal quasiparticle charge e * distinguishes (2) from the others. The others must be distinguished in principle through detecting phase transitions in the neutral sector, or through tunneling/interferometry measurements.
this can be obtained by considering Φ C=2 ({r i }) 3 , where Φ C=2 ({r i }) is a wave function for a band insulator with Chern number 2. The latter wave function was recently studied numerically [39] .
Global phase diagram-The above field theoretic understanding helps us understand the relation of this nonAbelian state to the Z 4 RR state, which can also continuously transition to the (330) state [14, 40] . As was shown in [15, 41] , the Z 4 Read-Rezayi state can be understood in terms of [SU (3) 1 × SU (3) 1 ] Z 2 CS gauge theory. Here, the meaning of the Z 2 is that the symmetry of interchanging the two SU (3) gauge fields is itself promoted to a local gauge symmetry. The transition from the Z 4 RR state to the (330) state can be understood as a Z 2 gauge symmetry breaking transition:
Combining this with the result above, we see that there are four closely related phases that are separated by continous phase transitions (see Fig. 1 ).
Extreme interlayer tunneling and particle-hole conjugate of Laughlin-Returning to the thin torus Hamiltonian (2), we see that in the limit where t ⊥ is the largest energy scale, the electrons only occupy the symmetric orbitals on each site, with two electrons per unit cell. In this limit the ground state will be only 3-fold degenerate. Since this degeneracy can be completely accounted for by center of mass translations T y , the resulting state is Abelian and can be identified with the particle-hole conjugate of the 1/3 Laughlin state. A similar result is obtained in the context of the (331) state [29] .
Conclusion-At the transition between the (330) state and the non-Abelian states, the charge gap remains open while the neutral gap closes. Thus past experiments [42] [43] [44] , which have probed the ν = 2/3 phase diagram in bilayers through resistivity measurements, have not yet definitively ruled out these exotic non-Abelian states, but rather may have already realized them.
In the Supplemental Materials, we (1) briefly review the results obtained from the coupled wire approach and show the remarkable agreement with the results presented in the main text, (2) we explain the existence of the Ising phase transition in the thin torus limit, (3) we provide details of the calculation of the quasiparticle content in the SU (3) 2 parton construction, (4) we discuss multi-layer generalizations and other examples. (5) We also briefly comment on the generalization to (nnl) bilayer state, and the duality between (nnl) bilayer state with interlayer 'pairing' and (nn, −l) state with interlayer 'tunneling'. 
SUPPLEMENTAL MATERIALS

Coupled quantum wires approach
Here, we study the (330) Halperin bilayer state in the presence of strong interlayer tunneling from a different perspective, adapting the coupled-wire approach of [9, 10, 45] to the case at hand. Remarkably, this approach yields results that match those presented from completely different perspectives in the main text.
Let us consider two adjacent (330) bilayer FQH bars. At their interface, we have two left-moving chiral modes from the upper bar, and two right-moving anti-chiral modes on the lower bar (see Fig. ) . The electron destruction operator on each of these modes is:
and similarly for the left-moving modes. φ I,R , for I = 1, 2 is the right-moving boson on the Ith layer, while φ I,L is the left-moving boson from the Ith layer. φ I,R and φ I,L are compactified on a circle of radius R = √ 3: φ I,R ∼ φ I,R +2π √ 3, and similarly for φ I,L . It is convenient to define the linear combinations:
and similarly for the left movers. These describe the charged and neutral modes, respectively. The Hamiltonian that describes these four gapless modes in the absence of any perturbation is:
where
are conjugate bosonic variables. These new bosons are all compactified on a circle with radius R = √ 3. Next, we consider the following perturbations, corresponding to intra-layer or inter-layer backscattering between counter-propagating edge states:
In terms of the bosonic variables, we have:
Since θ c (x) commutes with every term in the Hamiltonian, we can condense it and replace cos √ 3θ c with its expectation value. Thus we obtain the following effective Hamiltonian:
where u = 4 cos √ 3θ c . The above effective Hamiltonian is the well studied β 2 = 6π self-dual sine-Gordon model, because the scaling dimension of the perturbations is 3/2 [51] . This sine-Gordon model describes the low energy physic of a Z 3 quantum clock model and Z 3 parafermion chain. Moreover, its self-dual point (t ⊥ = t ) is described by a Z 3 parafermion CFT whose chiral (anti-chiral) sector has c = 4/5 (c = −4/5) central charge.
Next, following [9, 10, 45] we consider a 2D array of the 1D wires, with proper inter-wire couplings. Each of the 1D wires has counterpropagating Z 3 parafermion modes. Depending on the types of quasiparticle and electron tunnelings between the different parafermion wires, two scenarios are possible in principle. In one, it is possible to gap out the left-moving mode on each wire with the right-moving mode on the wire below it, leaving a right-moving parafermion mode on the top-most wire, and a left-moving parafermion mode on the bottom-most wire, while the interior of the system is fully gapped. Alternatively, we may consider the case where the right-moving mode on each wire is gapped with the left-moving mode on the wire below it. This scenario leaves a left-moving Z 3 parafermion mode on the top-most wire, and a right-moving mode on the bottom-most wire.
The outer edge of the sample, which is the edge between the (330) state and vacuum, contains two right-moving bosonic modes with central charge c = 2. The two scenarios outlined above give rise to an additional Z 3 parafermion mode, with central charge c = ±4/5. Therefore the total chiral central charge of the state is c = 2 ± 4/5. We see that this agrees with results obtained from the thin torus limit. The case c = 2 + 4/5 agrees also with the results from the CS-Higgs theory presented in the main text, and with more detailed results obtained in [10] .
Thin Torus Results
a. Brief introduction to thin torus limit
The single-particle wavefunction of the lowest Landau levels on the torus in the Landau gauge , A = (−By, 0) is
for = c = e = B = 1. In these units, the magnetic length and the number of states in the lowest Landau level (LLL) are l B = c/eB = 1, and N f = LxLy 2π , respectively. The wave function Ψ m is extended along the x direction with momentum k x = 2πm/L x (mod L y ) and localized along the y direction around y 0 (m) = − 2π Lx m (mod L y ). Hence, the average distance between the peaks of two successive wave functions is 2π/L x , while the average width of the wave function along y direction is of order unity. Thus, when L x << 1, the overlap between two adjacent wave functions, Ψ m and Ψ m+1 , is negligible. Now consider the fractional quantum Hall (FQH) problem at filling fraction ν = N e /N f = 1/n on the torus, which has n degenerate many body ground-states. As long as the topological properties are concerned, we can study the following model Hamiltonian
where c † m denotes the electron creation operator with Ψ m (x, y) wave function and
where g r,s = r 2 − s 2 for odd values of n and g r,s = 1 otherwise. The above Hamiltonian has n degenerate groundstates described by the Laughlin wave-functions on the torus. 
We claimed that as t ⊥ 0 is increased from 0, eventually the thin torus system undergoes an Ising phase transition. Here we provide the details of this analysis.
To see this, first recall that for small t ⊥ 0 , the diagonal states |D i , for i = 1, 2, 3, defined in the main text, acquire an energy splitting relative to the other degenerate 6 states. The degeneracy of 6 is protected by the spontaneously broken translation symmetry, along with the spontaneously broken Z 2 interlayer exchange symmetry.
To make progress, let us pick one of these six degenerate ground states, when t
where N uc is the number of 3-site unit cells. Since the interlayer tunneling is purely vertical, we can analyze the consequence of t ⊥ 0 by considering the following states within each unit cell:
Here, i labels the ith 3-site unit cell. We now assume that U 1,0 is the largest energy scale in the Hamiltonian. Therefore, the following two local states 1 1 0 0 0 0 i and 0 0 0 1 1 0 i are costly, with energies of order U 1,0 . Thus we can integrate them out in the low energy limit. Therefore, we only consider the following two states and represent them by a single spin 1/2 per unit cell:
Using second order perturbation theory, the effective spin Hamiltonian in the limit t ⊥ 0 U 1,0 is:
The above Ising chain has two gapped phases: a ferromagnetic phase for J < U 2,0 /2, and a paramagnetic phase for J > U 2,0 /2. Physically the Z 2 symmetry is that of the exchanging the two layers. The ferromagnetic phase is doubly degenerate; deep in the phase (J/U 2,0 → 0) the degenerates eigenstates are of the form i |↑ i , and i |↓ i . Note that none of these ground-states are Z 2 symmetric, but rather they transform into each other under the Z 2 symmetry. The paramagnetic phase has a unique Z 2 symmetric ground-state. Deep in this phase (J/U 2,0 → ∞), the spins are aligned along the x direction, and the ground state is i
The effective spin Hamiltonian in Eq. (18) can be exactly solved by the Jordan-Wigner transformation. In this method, we can represent S x i and S z i S z i+1 using two Majorana fermions per site as follows:
We can combine the two flavors of the Majorana fermions to obtain a single complex fermion per site:
After the above transformations, we obtain the Kitaev 1D chain, which is equivalent to a p-wave superconductor. We can easily diagonalize the block Hamiltonian associated with this superconductor and obtain the full spectrum. The fermion excitation gap is |2J − U 2,0 |, and therefore the Ising transition occurs when the gap closes: J = U 2,0 /2.
3. SU (3)2 parton construction, and U (6)1/SU (3)2 edge theory
In this section we will discuss the topological properties of the SU (3) 2 parton construction presented in the main text, in order to establish the remarkable agreement with the results of the thin torus limit. It will be easiest to discuss this in terms of the edge theory, which is a U (6) 1 /SU (3) 2 coset theory.
To make progress, let us first review the properties of the pure SU (3) 2 WZW theory [52] . The central charge is c SU (3)2 = 16 5 . The primary fields are described by the integrable highest weight representations of the SU (3) 2 affine Lie algebra. There are 6 integrable highest weight representations; the SU (3) weights for these representations can be labelled as (2, 0), (0, 2), (0, 0), (1, 1) , (1, 0) , and (1, 1). The scaling dimensions are given by the following formula:
where in our case k = 2 and g = 3, and ρ = (1, 1) is the Weyl vector. Denoting
these have the inner products:
Using these inner products we can obtain all of the scaling dimensions:
Now let us consider the theory of interest, U (6) 1 /SU (3) 2 , which is the edge theory for our SU (3) 2 CS theory coupled to fermionic partons. The central charge is
The stress tensor is given by
which implies that our six primary fields will actually obtain the following scaling dimensions:
In terms of the CS parton theory, Φ (1, 0) and Φ (0,1) can be understood as an odd number of holes in the parton bands, dressed by the SU (3) 2 CS gauge field. In contrast, Φ (1, 1) , Φ (2, 0) , and Φ (0,2) can be understood as an even number of holes in the parton bands, dressed by the SU (3) 2 CS gauge field. Remarkably, we see that these scaling dimensions and the central charge c = 4/5 exactly match the results of Table I in the main text (note that the topological spins in Table I are defined only modulo 1/2, because of the existence of local fermionic electrons in the system). Furthermore, note that these operators all obey the SU (3) 2 fusion rules. Therefore, the SU (3) 2 parton construction along with the U (6) 1 /SU (3) 2 edge theory exactly reproduce results obtained from the thin torus limit!.
To conclude, we observe that the edge CFT can also be understood in terms of a SU (2) 3 × U (1) 6 CFT, where the electron operator is defined as Φ 
We see that modulo 1, these are exactly the same scaling dimensions as we found from the U (6) 1 /SU (3) 2 coset theory above! Actually, this should be expected, because of the identity:
which, when applied to our case, gives
4. Generalizations:
So far we have mainly focused on the special case of the (330) states, which can transition to the exotic SU (3) 2 nonabelian states as a function of interlayer tunneling, as these are most relevant to experimentally accessible systems. However the above results generalize to a much wider class of examples. In general, we can consider k layers of 1/n Laughlin states in each layer, and consider interlayer tunneling among all of the layers. Repeating the arguments from the thin torus limit in this more general case gives SU (n) k fusion rules. Additionally, the effective field theory construction presented in the main text naturally generalizes to SU (n) k CS theory, with the edge theory described by
The special case of n = 2 is therefore closely related, but not identical to, the results of previous studies [28, 38] . In particular, the case of two 1/2 Laughlin states, i.e. the (220) states gives, SU (2) 2 fusion rules. Below, we will discuss the (220), and then the general (nnn0) case in some more detail.
a. (220) results
Let us consider the bosonic (220) bilayer FQH state in the strong interlayer tunneling regime, and compute the quantum dimension of its quasihole excitation. It is known [26] [27] [28] that there is a phase transition into the bosonic Moore-Read state [53] , whose quasihole excitation is related to Ising anyon and therefore has quantum dimension d = √ 2. Below we will recover this result by adapting the thin torus argument presented in the main text. In the absence of tunneling, each layer has two degenerate ground-states: |g 1 = |101010 · · · := [10] , |g 2 = |010101 · · · := [01]. Therefore, the whole system has the following degenerate ground-states: |g 1,1 = 10 10 , |g 1,2 = 10 01 , |g 2,1 = 01 10 , and |g 2,2 = 01 01 . As explained in the main text, for strong enough inter-layer tunneling, the system can pass through a phase transition into a new phase, where we keep only the symmetrized ground states.
In this case, this consists of 3 states: |α 1 = |g 1,1 , |α 2 = |g 2,2 , and |α 3 = 10 01 + 01 10 . We can represent these three degenerate states by [20] , [02] , and [11] by summing over the occupations of each layer. Since, the total filling fraction is one, the total center of mass momentum does not contribute to the ground-state degeneracy; the ground state degeneracy of 3 therefore signals the non-Abelian nature of the resulting state. Let us compute the fusion rules of the charge e/2 quasiparticle by computing the adjacency matrix, as explained in the main text. Note that because we assume the bosons have charge e, charge e/2 and charge −e/2 are actually topologically equivalent excitations because they differ by a local operator. We consider the ways of creating the charge q = e/2 quasihole by creating domain walls between the different occupation number patterns. We see that a domain wall between [20] and [11] localizes a charge e/2 quasihole. Similarly, [02] followed by [11] also creates the same type of excitation (modulo the total charge e of the bosons). However, if we start with [11] , then a domain wall with either [02] or [20] can localize the charge e/2 quasihole. Therefore, the adjacency matrix for this quasihole is given by:
where the rows/columns refer to [20] , [02] , and [11] , respectively. The quantum dimension of this quasihole corresponds to the largest eigenvalue of A, which is √ 2. We see that A corresponds exactly the fusion rules of the non-Abelian σ quasiparticle in the bosonic Moore-Read Pfaffian FQH state.
Furthermore, we observe that there are topologically non-trivial charge e excitations, associated with domain walls between [20] and [02] or vice versa, and between [11] and itself. Physically, these corresopnd to inserting the Laughlin e/2 quasiholes in both layers simultaneously. In the (220) state, the excitation associated with inserting charge e/2 in each layer has fermionic statistics. Since this excitation is unaffected by the phase transition because it is Z 2 layer symmetric, it continues to be a fermion after the transition.
Therefore, from the thin torus limit we have found that the non-Abelian phase consists of three topological classes of excitations: the local ones, an Abelian fermion, and a non-Abelian charge e/2 quasihole with quantum dimension 2. This agrees with the topological order of both the Moore-Read Pfaffian FQH state, and the SU (2) 2 parton CS theory described by the U (4) 1 /SU (2) 2 edge theory.
The above scheme can be easily explored for general (nn0) case. The (nn0) state has a ground state degeneracy of n 2 . After the phase transition driven by the interlayer tunneling, we keep only the n(n + 1)/2 Z 2 layer symmetric combinations. The adjacency matrix for the quasihole with q = e/n can be easily found. We find that the largest eigenvalue, which sets the quantum dimension of the quasihole operator, is d qh = 2 cos π n+2 . This is exactly the quantum dimension of the most relevant primary field in the SU (n) 2 chiral WZW model! More generally, we find that the adjacency matrices of the n(n + 1)/2 types of excitations coincide with the fusion rules of the representation algebra of SU (n) 2 .
b. Generalization to k layers Let us consider the edge theory of k copies of the 1/n Laughlin FQH state. This includes k chiral bosons, ϕ i , i = 1, ..., k, with the local 'electron' operator in each layer given by Ψ ei = e inϕi . There are n k topologically distinct quasiparticles, labelled by the vertex operators
where a is a k-component vector, with each entry a i = 0, ..., n − 1. Next, let us consider symmetrizing these vertex operators:
where P is the sum over permutations of k layers, where P ( a) is the permuted vector. Due to the permutation, we obtain only n + k − 1 k distinct quasi-particle operators. Remarkably, we find that the fusion rules Φ a × Φ a coincide with the fusion rules of the representation algebra of the quantum group SU (n) k ! This is closely related to the observation of [33] , where it was found that certain types of occupation patterns give rise to adjacency matrices that are related to the fusion rules of SU (n) k . This result is a straightforward application of the methods presented in this paper. 2 ) radius. Using the methods developed in this paper, we can study the effect of uniform interlayer tunneling and show that the quasiparticles follow SU (n − l) 2 fusion algebra for strong enough tunneling. Accordingly, the fusion rule together with the level-rank duality imply that there is a phase transition to U (1) n+l × SU (2) n−l non-Abelian state. , and R c/s = n±l 2 . Next, we perform a particle-hole transformation on the bottom layer after which φ 1 → φ 1 , φ 2 → −φ 2 , thus φ c ↔ φ s . Doing so, we obtain an (nn, −l) bilayer state whose electron operators are Ψ 1 = e i(Rcφ c +Rsφ s ) and Ψ 2 = e i(Rcφ c −Rsφ s ) , where φ c/s = φ s/c , and
